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A FORMULA AND SOME OPERATORS
Seung Hwan Son
Abstract. A formula for some dispersionless equations and a brief review of the
operators which have been used for the dispersionless KP hierarchy are presented.
1. Introduction
After the solitonic waves were found by J. Scott Russell in 1843, a lot of equations
describing these kinds of physical phenomena have been found. And various hier-
archies have been developed from these equations. By eliminating the dispersive
terms, a lot of dispersionless equations are derived.
To derive hierarchies, several operators have been invented and developed. These
operators have their own purpose and advantage.
This article reviews some definitions which have been used in recent development
[13,14,20,22] and some relations (e.g. equations or identities). The operators in this
article have been used to define and develop the theories for the dispersionless KP
hierarchy.
A formula was found in 1994 by the author and it provides several equations
related to some hierarchies. By the formula, EQUATION(p, q) is defined.∗ This
formula has an algebraic expression and one can find an exact expression using this
formula for each positive integers p and q.
2. EQUATION(p, q)
Let us use Fm,n instead of
∂2
∂tm∂tn
(
F (t1, . . . , tr, . . . )
)
.
Definition 2.1. EQUATION(p, q):∑
0<i1<···<ikp
(i1+1)ni1
+···+(ikp
+1)nikp
=p
(( kp∑
j=1
nij − 1
)
!
kp∏
j=1
(−F1,ij )
nij
nij !
)
+
∑
m+n=p
Fm,n
mn
= 0.
where the terms having ∂
∂tq
, . . . , ∂
∂tkq
, . . . vanish.
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* (Caution)
This notation is used only for technical simplicity of expression since the formula was found
recently [19]. This is another way of using equation numbers. Therefore, the author strongly
recommends careful use of the notation until the formula is well-known. (Of course, given
notation has no meaning elsewhere like other usual equation numbers.)
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Examples 2.2. A table of these equations (up to p = 10) is in [19].
(4,∞) 1
2
F1,1
2 − 1
3
F1,3 +
1
4
F2,2 = 0,
(4,2) 1
2
F1,1
2 − 1
3
F1,3 = 0,
(4,3) F1,1
2 + 1
2
F2,2 = 0,
(5,∞) F1,1F1,2 −
1
2
F1,4 +
1
3
F2,3 = 0,
(5,3) F1,1F1,2 −
1
2
F1,4 = 0,
(5,4) F1,1F1,2 +
1
3
F2,3 = 0.
Definition 2.3.
EQUATION(·, q)=
{
EQUATION(p, q)
∣∣ p ≥ 4}.
EQUATION(p, ·)=
{
EQUATION(p, q)
∣∣ q > 1}.
Examples 2.4.
EQUATION(·,∞) ={
1
2
F1,1
2 −
1
3
F1,3 +
1
4
F2,2 = 0, F1,1F1,2 −
1
2
F1,4 +
1
3
F2,3 = 0, . . . }
∼the dispersionless KP hierarchy
EQUATION(·, 2) ={F1,1
2 −
1
3
F1,3 = 0,
1
3
F1,1
3 − F1,1F1,3 +
3
5
F1,5 −
1
9
F3,3 = 0, . . . }
∼the dispersionless KdV hierarchy
EQUATION(·, 3) ={F1,1
2 +
1
2
F2,2 = 0, F1,1F1,2 −
1
2
F1,4 = 0, . . . }
∼the dispersionless Boussinesq hierarchy
...
EQUATION(4, ·) ={F1,1
2 −
1
3
F1,3 = 0, F1,1
2 +
1
2
F2,2 = 0,
1
2
F1,1
2 −
1
3
F1,3 +
1
4
F2,2 = 0}
∼{ut −
3
2
uux = 0, (uux)x +
1
2
uyy = 0, (ut −
3
2
uux)x −
3
4
uyy = 0}.
3. Operators for the dispersionless KP hierarchy
The following definitions and the theorems are in [13,14,20,22].
Definition 3.1. (Ω operator):
Ω = ξ +
∞∑
n=1
un+1ξ
−n.
Definition 3.2.
(
[·]≥s ; [·]<t
)
:
For integers s and t,[
∞∑
i=−∞
ciξ
i
]
≥s
denotes
∞∑
i=s
ciξ
i and
[
∞∑
i=−∞
ciξ
i
]
<t
denotes
∞∑
i=−t+1
c−iξ
−i.
Examples 3.3.
[Ω2]≥0 = [(ξ + u2ξ
−1 + · · · )2]≥0 = [ξ
2 + 2u2 + · · · ]≥0 = ξ
2 + 2u2. And
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[Ω3]≥0 =[(ξ + u2ξ
−1 + u3ξ
−2 + · · · )3]≥0
=[ξ3 + 3u2ξ + 3u3 + · · · ]≥0
=ξ3 + 3u2ξ + 3u3.
Remark 3.4. The dispersionless KP hierarchy has the following Lax representa-
tion of variables (x1, x2, . . . ), (x1 = x)
∂Ω
∂xn
= {[Ωn]≥0,Ω}, n = 1, 2, . . . , (5.1)
where
Ω : a series in ξ of the form Ω = ξ +
∞∑
n=1
un+1(x1, x2, . . . )ξ
−n,
for arbitrary functions {u2(x1, x2, . . . ), u3(x1, x2, . . . ), . . . },
{B,L} : the Poisson bracket defined by
{B(ξ, x),L(ξ, x)} =
∂B(ξ, x)
∂ξ
∂L(ξ, x)
∂x
−
∂L(ξ, x)
∂ξ
∂B(ξ, x)
∂x
.
Remark 3.5. Let us use τdKP to represent the tau function of the dispersionless
KP hierarchy.
Definition 3.6. (Φ operator):
Φ =
∞∑
n=1
nxnΩ
n−1 +
∞∑
k=1
vk+1Ω
−k−1.
There are some relations between the operators.
Theorem 3.7. Ω and Φ have the following relation.
[Ωn]≥0 = Ω
n −
∞∑
k=1
1
k
∂vk+1
∂xn
Ω−k.
Remark 3.8. τdKP is defined via
∂ log τdKP
∂xn
= vn+1.
If we substitute ∂ log τdKP
∂xn
for vn+1, we get the following.
Theorem 3.9. If F = τdKP , then
[Ωn]≥0 = Ω
n −
∞∑
k=1
1
k
∂2F
∂xn∂xk
Ω−k.
4. Discussion
It is known that the EQUATION(·,∞) is a subset of the dispersionless KP hier-
archy. EQUATION(·, 2) can be regarded as a subset of the dispersionless KdV
hierarchy and EQUATION(·, 3) can be regarded as a subset of the dispersionless
Boussinesq hierarchy. EQUATION(·, q) can be regarded as a new hierarchy for each
q > 3.
Since one can get a specific equation for each (p, q), several theories related to
the solutions of some dispersionless hierarchies can be used [8,9,10,13,20].
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Table. Equation(p, q).
(4,∞) 1
2
F1,1
2 − 1
3
F1,3 +
1
4
F2,2 = 0
(5,∞) F1,1F1,2 −
1
2
F1,4 +
1
3
F2,3 = 0
(6,∞) 1
3
F1,1
3 − 1
2
F1,2
2 − F1,1F1,3 +
3
5
F1,5 −
1
9
F3,3 −
1
4
F2,4 = 0
(7,∞) F1,1
2F1,2 − F1,2F1,3 − F1,1F1,4 +
2
3
F1,6 −
1
6
F3,4 −
1
5
F2,5 = 0
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